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ABSTRACT 

The two-parameter Weibull d i s t r i bu t ion  has been recognized a s  a use- 
f u l  model fo r  survival  populations associated with re1  i a b i l i t y  s tud ies  
and l i f e  t es t ing  experiments. In the analys is  of atmospheric data ,  the 
d i s t r ibu t ions  encountered a r e  of ten a r e s u l t  of combining two or  more 
component d i s t r ibu t ions .  These compound d i s  tr ibu cions aye consequently 
of i n t e r e s t  t o  aerospace s c i e n t i s t s .  Presented i s  a method for  estima- 
t ion  of t5e parameters of a compound Weibull d i s t r i bu t ion  with two shape 
parameters, two sca l e  parameters and a propor t ional i ty  fac tor .  The most 
general case of estimatFon w i l l  be considered in addit ion t o  a number of 
specia l  cases tha t  may be of p rac t ica l  value. 
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TECHNICAL MEMORANDUM X- 5 34 2 2 

ESTIMATION OF PARAMETERS I N  COMPOUND WEIBULL DISTRIBUTIONS 

SUMMARY 

The two-parameter Weibull d i s t r i bu t ion  has been recognized a s  a  use- 
f u l  model for  survival  populations associated with re1 i a b i l i t y  s tudies  
and l i f e  t es t ing  experiments. In  the analys is  of atmospheric data ,  the 
d i s t r ibu t ions  encountered a r e  often a  r e s u l t  of combining two ar more 
component d i s t r ibu t ions  . These compound d i s t r i bu t ions  a r e  c~nsequen t l y  
of i n t e r e s t  t o  aerospace s c i e n t i s t s .  This paper presents a method fo r  
estimation of the parameters of a  compound Weibull d i s t r i bu t ion  with 
density function 

where 

and 

The parameters required a r e  a, the propor t ional i ty  f a c t o r ,  yl, y,?, O1 
and €I2. The most general case of estimation w i l l  be considered i n  addi- 
t ion  t o  a number of spec ia l  cases t ha t  may be of p rac t ica l  value .  



I, INTRODUCTION 

The WtFbull d i s t r i b u t i o n ,  derived i n  1939 by W. Weibull, has been 
recognized a s  an appropr ia te  model i n  r e l i a b i l i t y  s t u d i e s  and l i f e  t e s t -  
ing. Numerous methods f o r  obtaining e f f i c i e n t  es t imates  of the  two 
parameters of t h i s  d i s t r i b u t i o n  have been out l ined  i n  r ecen t  years  [4, 
10,111. 

In  a c t u a l  physical  app l i ca t ions ,  however, a mixture of two Weibull 
d i s  t r ibu t fons  of ten seems t o  be a more d e s i r a b l e  model. D i s t r i b u t i o n s  
r e s u l t i n g  from mixing two o r  more component d i s t r i b u t i o n s  a r e  des ignated 
as "mixed" or  "compound." This s i t u a t i o n  is q u i t e  common i n  the  a n a l y s i s  
of atmospheric da ta  and consequently i s  of i n t e r e s t  t o  aerospace s c i e n t i s t s .  
Compound normal, Poisson and exponential  d i s t r i b u t i o n s  have been s tud ied  
by A. C. Cohen, Jr. [1,2,3].  A method f o r  es t imat ing  parameters of mixed 
d i s t r i b u t i o n s  using sample moments has been out l ined  by Paul R. Rider [7]  
who considered compound Poisson, binomial, and a s p e c i a l  case  of the  c m -  
pound Weibull d i s  tr ibution.  A graphica l  procedure f o r  es t imat ion  of 
mixed Weibull parameters i n  l i f e - t e s t i n g  of e l e c t r o n  tubes is given by 
John H. K. Kao [6]. Although graphica l  methods have va lue  f o r  loca t ing  
o u t l i e r s ,  der iving i n i t i a l  es t imates ,  and f o r  determining whether the  
d i s t r i b u t i o n  i s  a s  hypothesized, f o r  es t imat ion  purposes the  a n a l y t i c  
approach is probably super ior  . 

This paper represents  an at tempt  a t  es t imat ing,  by the  method of 
sample moments, the f i v e  parameters of the  compound Weibull d i s t r i b u t i o n  
with  dens i ty  Function 

where 

The parameters involved a r e  two s c a l e  parameters and e2, two shape 
parameters yl and yz, and the p ropor t iona l i ty  parameter a w h i c h  expresses 
the p robab i l i ty  t h a t  a given observat ion x i  comes from the population f 



The compound cumulative d i s t r i bu t ion  function i s  defined 

~ ( x )  = aFl(x) + (1 - a) F2(x) = 1-  O exp [ - X ~ ~ / € I ~ ]  - (1 - a) exp [-xr2/0=]. 

Figures 1 and 2 i l l u s t r a t e  a generalized mixed Weibull probabi l i ty  
densi ty function and i t s  corresponding d i s t r i bu t ion  function. 

The most general case of estimation w i l l  be considered in which a l l  
f i v e  parameters must be estimated from the data.  Also, a number of specia l  
cases w i l l  be investigated i n  which ce r t a in  parameters a r e  knot.:; i n  advance 
of sampling or  a r e  r e s t r i c t e d  in some manner. Included w i l l  be the specia l  
case where 71 = 1, i.e.,  

- 1 
f d x )  = 8, exp [ -x /eJ ,  

which is  the we1 l-known exponent i a l  d i s  tr ibu t ion. Es t ima t ing procedures 
a r e  g rea t ly  s implif ied i n  these spec ia l  cases as  there a r e  fewer sample 
moments involved i n  the estimating equations. Also, sampling e r ro rs  are  
reduced because of the elimination of the need f o r  higher order moments. 

11. ESTIMATION I N  THE GENERAL CASE 

The r t h  theore t i ca l  moment about the o r ig in  of f (x) is given by 

= a j'x' f,(x) dx + (1 - a) S xr f2(x)  dx, 

where f l (x)  and f2(x) a r e  defined a s  in  equations ( 2 ) .  The f i r s t  f i ve  
theore t ica l  moments about the o r ig in  of (1) follow a s  



MIXED WEIBULL PROBABILITY DENSITY FUNCTION 

FIGURE I 

MIXED WEIBULL CUMULATIVE DISTRIBUTION FUNCTION 
FIGURE 2 



where I' is the gamma function, Le., 

r(k) = [ yk-l eoy dy. 
L 

Employing the technique of equating population moments to correspond- 
ing sample moments, the set of equations (6) becomes 



t 
where mi (i = 1, 2, ..., 5) is the ith noncentral moment of the 
sample. 

The set of equations (7) is , system of five equations which must 
be solved simultaneously for estimates of the five parameters a, el, 
a2, yland 7 ~ .  For convenience in handling these equations, we wiil 
make the following transformations where necessary in this paper, 
(This notation will be used unless stated otherwise.) 

Let 

Thus, the first three equations of (7) become 

Solving (9) for v, substituting this expression into (lo), and then 
solving for n yields 



Subst i tu t ing  the expression fo r  n from (12) back in to  (9)  and solving 
fo r  v gives 

Upon subs t i tu t ing  the expression f o r  n from (12) and the expression fo r  
v from (13) i n t o  equation ( l l ) ,  we have one equation i n  the three unknowns 
a, 71 and 72. A t  t h i s  point ,  i t  is obvious t h a t  e x p l i c i t  expressions fo r  
the unknown parameters a, yl and y2 carnot be obtained. Therefore, i t  
is suggested tha t  the following procedure be used t o  obtain a  graphical 
estimate of a, the propor t ional i ty  parameter. This method i s  e s sen t i a l l y  
t h a t  of Kao 161 cnd is based upon the f a c t  t h a t  a  simple Weibcll cumula- 
t i v e  d i s t r i bu t ion  becomes a  s t r a i g h t  l i n e  i n  In  versus n-ln coordinates. 
This method of estimating a w i l l  produce a  r e l a t i v e l y  small e r ro r  i n  
the estimating procedure s ince  a is l imited t o  the range 0 < a < 1. 

(1) P lo t  the sample cum*ilative d i s t r i bu t ion  function fo r  the 
mixed data  on spec ia l  In versus In-ln paper and v i sua l ly  

J- f i t  a  curve (ca l led  Weibull p lo t )  among these pcints ."  

(2) S ta r t ing  a t  each end of the Weibull p lo t ,  draw two tangent l ines  

ond denote them b y % c a n d  (1 - Q x w h i c h  a r e  estimates of 
Wl(x) and (1 - a)F2(x), respect ively.  - 

(3) A t  the in te r sec t ion  of (1 - a)& with the upper borderl ine 
A 

drop a v e r t i c a l  l i n e  whose in te r sec t ion  with aF, a s  read from 
the percent s ca l e  gives our estimate of a. 

See Figure 4 under Section IV fo r  an i l l u s t r a t i o n  of t h i s  method. 

Once an estimate of a has been determined graphical ly,  solve equa- 
t i o n  (11) fo r  yl and y2 by the following i t e r a t i v e  procedure. This 
procedure i s  takea from Cohen [ I ]  and is  a modified Newton-Raphson 
method . 

Assume a value fo r  yl and solve equation (11) fo r  a  f i r s t  approxi- 
mation t o  y2. These f i r s t  approximations can be subst i tu ted  in to  (12) 
and (13) t o  obtain f i r s t  approximations t o  Bland e2. The f i r s t  s e t  of 
approximations a r e  then introduced in to  the four th  equation of (6) t o  

t approximate the fourthnon-central  theore t i ca l  moment, p4. 

*Special Weibull graph paper i s  avai lable  from Cornel 1 University,  
I thaca,  New York. 



1 
L e t  y 10) deno te  t h e  i t h  approximat ion  t o  y l  and l e t  p 4(i)  d e n o t e  

t 
t h e  i t h  approximat ion  (corresponding t o  ./l(i)) t o  p4. It shou ld  be 

r e l a t i v e l y  e a s y  t o  f i n d  approximat ions  y  l(i) and 7 i(i+l) such  t h a t  t h e  
I I I 

sample moment m, is i n  t h e  i n t e r v a l  [ p  4 ( i )  ' p4(i+1) 1. Once t h e  i n t e r v a l  

be tween y  l ( i )  and Y i ( i + i )  
has  been narrowed s u f f i c i e n t l y ,  t h e  r e q u i r e d  

e s t i m a t e  yl  can be  ob ta ined  by a s imple  l i n e a r  i n t e r p o l a t i o n  as i n d i c a t e d  

below. 

The r e q u i r e d  e s t i m a t e  of y2 can s u b s e q u e n t l y  be o b t a i n e d  from e q u a t i o n  
(11). Once yl and y2 have been determined by e q u a t i o n  ( l l ) ,  e s t i m a t e s  
f o r  O1 and 0 . ,  <- are ob ta ined  from e q u a t i o n s  (13) and (12) ,  r e s p e c t i v e l y .  

U n f o r t u n a t e l y ,  t h e  q u a d r a t i c  s o l u t i o n s  i n  e q u a t i o n s  (12) and (13) 
r e s u l t  i n  more than  one s e t  o f  e s t i m a t e s .  The problem o f  non-unique s e t s  
of  e s t i m a t e s  was cons ide red  by Karl Pearson [ I S ]  and A .  C. Cohen, Jr. [ l ]  
i n  conncct:ion w i t h  mix tu res  of  two normai d i s t r i b u t i o n s  . Pearson  sug-  
gcs  tcd choosing t h e  s e t  of e s t i m a t e s  which g i v e s  c l o s e s t  agreement  between 
the  s i x t h  sample moment and t h e  s i x t h  t h e o r e t i c a l  moment a f t e r  e q u a t i n g  
t h e  f i r s  t f i v e  sample moments t o  t h e  corresponding t h e o r e t i c a l  moments. 
This  procedure is fol lowed f o r  a l l  a c c e p t a b l e  s e t s  o f  e s t i m a t e s .  

Collen [ I ]  s u g g e s t s ,  as a n  a l t e r n a t e  procedure  f o r  r e s o l v i n g  t h e  
problem of m u 1  t i p l c  s e t s  o f  e s t i m a t e s ,  t h a t  we might  choose t h e  s e t  o f  
c s  t i m a t c s  r d ~ i c h  produces t h e  s m a l l e s t  Chi-square Index o f  D i s p e r s i o n  when 
observed f r e q u e n c i e s  a r e  compared w i t h  expected  f r e q u e n c i e s .  

I n  t h e  g e n e r a l  c a s e  of  e s t i m a t i o n  cons ide red  h e r e ,  we a r e  concerned 
w i t h  a mix tu re  of two Weibull  d i s t r i b u t i o n s  x h e r e  t h e  p r o p o r t i o n a l i t y  
f a c t o r  a is  cs  t imated g r a p h i c a l l y  from t h e  cumula t ive  f r e q u e n c i e s  and t h e  
f o u r  remaining parameters  a r e  e s t i m a t e d  by e q u a t i n g   he f i r s t  f o u r  sample 
lnomcn ts t o  corresponding t h e o r e t i c a l  moments. When conf ron ted  w i t h  more 
t l u n  one s e t  of  a c c e p t a b l e  e s t i m a t e s ,  we a d o p t  pea r son ' s  sugges ted  pro- 
c t d u r c  and C ~ I O O S C  tllc s e t  w11ich p rodr~ces  t h e  c l o s e s  t agreement  be tween 



the f i f t h  noncentral moment of the sample rn: and the theoret ical  
moment & given by the f ina l  equation of (6). 

The calculations described above may be carried out i t e ra t ive ly  
with r e l a t ive  ease using the computer program included i n  th i s  paper as  
an Appendix. F i r s t  approximations t o  i n i t i a t e  the i t e ra t ive  process 
may be obtained using a graghical method such as  that  of Kao [6]. 

I ESTIMATION IN SPECIAL CASES 

A number of speci 1 cases tha t  may be of prac,tical value in  which 
cer ta in  parameters a re  known or a r e  res t r ic ted  in some manner a re  con- 
s idered. 

1. el known. With el known, we m u s t  estimate the parameters OL, 
og, and y2 only. I f  we l e t  v = e$yl ,  equations (9), (10) and (11) 
beccune 

Solving (14) for  a gives 

Insert ing th i s  expression for  a: in to  equation (15) and solving for  n ,  
we obtain a f t e r  considerable algebraic manipulation 



Subst i tut ing th i s  expression fo r  n back i n t o  (17) gives 

Now, upon subs t i tu t ing  the expression for  n from (18) and the  expression 
for  a lrom (19) i n to  equation (16), we have an equation i n  the two 
unknowns yl and y2 which may be solved by the i t e r a t i v e  procedure 
described in  the general case. Once yl  and y~ have been determined, 
we obtain our estimates fo r  O2 and a from equations (18) and (19), 
respect ively.  A s  i n  the general case, the pos i t ive  and negative roo t s  
resu l t ing  from the quadratic so lu t ion  i n  (18) unfortunately r e s u l t s  i n  
more than one s e t  of estimates. As before,  i t  i s  suggested tha t  the 
s e t  of estimates which gives the c loses t  agreement between the f i f t h  
noncentral moment of the sample and the corresponding " f i t t ed"  compound 
curve be used. 

2 .  O2 known With O2 known we need only estimate a, el, yl and y2. 
I f  we l e t  n = O : ~ Y ~ ,  equations ( 9 ) ,  (10) and (11) become 

Solving (20) for  tx gives 



Insert ing th i s  expression for  a in to  equation (21) and solving for v, we 
, obtain a f t e r  considerable algebraic manipulation 

Substituting th i s  expression for  v back in to  (23) gives 

Now, upon subst i tu t ing the expression for  v from (24) and the expression 
for  a from (25) in to  equation (22), we obtain an equation i n  the two 
unknowns yl and 72 which may be solved by the i t e r a t i v e  process described 
previously. Once yl and y2 a re  determined, we obtain our estimates for 
€I1 and a from equations (24) and (25). A s  i n  case 1, known, the pos i- 
t ive  and negative roots  resu l t ing  from the quadratic solution in  (24) 
gives more than one s e t  of estimates. Again, i t  i s  suggested that  we 
choose the s e t  of estimates which gives the closest  agreement between 
the f i f t h  noncentral moment of the sample and the corresponding "f i t ted"  
canpound curve, 

3. 7~ known. I f  yl is known we must estimate a, Ox,  e2 and y2  
only. Solving equation (9) for v gives 

Insert ing th i s  expression for  v iu to  equation (10) and solving £0,- 7, 

we obtain 



Subs t i tu t ing  t h i s  expression fo r  n back i n t o  (26) g ives  

Upon s u b s t i t u t i n g  the expression f o r  n from (27) and the expression f o r  
v f  ram (28) i n t o  equation ( l l ) ,  we obta in  an equation i n  the  two unknowns 
a and y2 which may be solved by the i t e r a t i v e  procedure described i n  the  
general  case. With cx and y2 determined we may so lve  equations (27) and 
(28) f o r  0,? and el, respec t ive ly .  As before,  the p o s i t i v e  and negat ive 
r o o t s  which r e s u l t  from the quadrat ic  s o l u t i o n  i n  (27) g ive  more than 
one s e t  of es t imates .  Again, we choose the  s e t  of es t imates  which 
gives  the c l o s e s t  agreement t o  the f i f t h  noncentral  moment of the  
sample. 

An a l t e r n a t e  method f o r  es t imat ion i q  t h i s  case would be t o  es t imate  
a graph ica l ly  a s  i n  the general  case and then so lve  equat ion (11) f o r  Ye 
a f t e r  the  s u b s t i t u t i o n  of the  expression fo r  n from (27) and the  expres- 
s i o n  f o r  v from (28) i n t o  equation (11). A s  before ,  0, .- and would 
then be obtained frorr. equations (27) and (28). 

4. y2 known. With y2 known, we m u s t  es t imate  a, O2 and yl 
only. A s  in  case 3 ,  yl known, solving equation (9) f o r  v g ives  

Inse r t ing  
wc obta in  

t h i s  express ion f o r  v i n t o  equation (10) and so lv ing  fo r  n, 



m e n  we s u b s t i t u t e  t h i s  express ion fo r  n back in to  (29), we ge t  

Upon inse r t ing  the expression fo r  n from (30) and the expression fo r  v 
f r a n  (31) i n t o  equation ( l l ) ,  we obta in  an equation i n  the two unknowns 
a and yl which may be solved by the i t e r a t i v e  procedure described pre- 
viously. With a and yl determined i n  t h i s  manner, we now solve equa- 
t ions  (30) and (31) fo r  B2 and el, respect ively.  As before,  we choose 
the  set  of estimates which gives the c lo se s t  agreement between the f i f t h  
noncentral moment of the sample and the corresponding " f i t t ed"  compound 
curve. 

As i n  case 3, yl known, an  a l t e r n a t e  method fo r  estimation 
would be to estimate a, the propor t ional i ty  parameter graphical ly,  and 
then solve equation (11) d i r e c t l y  f o r  yl a f t e r  the subs t i t u t i on  of the 
expression f o r  n from (30) and the expression fo r  v from (31) i n t o  
equation (11). 

5 .  7~ I 1. This is a spec ia l  case of case 3, yl known. Thus, 
case 3 is reduced t o  mixing an exponential d i s t r i bu t ion  with a Weibull 
d ie  t r i bu t ion  where f (x) i n  equations (2)  is an exponential d is tr ibu t ion 
and f2(x) is a Weibull d i s t r ibu t ion .  We need only estimate a, y2, el 
and 02. 

With 71 = 1, equations (9), (10) and (11) become 

where the only change i n  notat ion from previous cases is v = ex. 



Solving equation (32) f o r  v gives  

Subs t i tu t ing  t h i s  expression f o r  v i n t o  equat ion (33) and so lv ing  f o r  
n gives 

Inse r t ing  t h i s  expression f o r  n back i n t o  (35) gives  

Now, upon s u b s t i t u t i n g  the expression fo r  n from (36) and the expres- 
s ion f o r  v from (37) i n t o  equation (34), we ob ta in  an equation i n  the  
two unknowns a: and y2 which w e  may so lve  using the i t e r a t i v e  procedure 
described in  previous cases.  With minor s i m p l i f i c a t i o n s ,  equation (34) 
becomes 



Once a and ya have been determined from equation (38) we may obtain 
our estimates f o r  €12 and el from equations (36) and (37), respect ively.  

A s  i n  the other cases,  we choose the s e t  of estimates which 
gives the c loses t  agreement between the f i f t h  noncentral moment of the 
sample and the  corresponding "f i t ted"  compound curve. 

An a l t e r n a t e  method of estimation would be t o  estimate a 
graphical ly  as i n  the general case and then solve equation (38) d i r e c t l y  
f o r  yp. AS above, estimates f o r  8, and el would then be obtained from 
equations (36) and (37). 

6. yl = y2 * unknown. Changing our notat ion s l i g h t l y ,  we w i l l  l e t  
7 p  y 2 =  y. Thus, wemust estimate a, 7 ,  e land  02. Now, l e t  

With t h i s  notation, equations (9),  (10) and (11) become 

As before, solving equation (39) fo r  v gives 



Inse r t ing  t h i s  expression f o r  v  i n t o  equation (40) and subsequently 
solving f o r  n ,  we have 

Subs t i tu t ing  t h i s  expression f o r  n  back i n t o  (42) gives  

Upon s u b s t i t u t i n g  the expression f o r  n from (43) and the  expression f o r  
v from (44) i n t o  equation ( b l ) ,  we obta in  a n  equation i n  the  two unknowns 
a and y which may be solved by the i t e r a t i v e  process described i n  the 
general  case. We may now solve  equations (43) and (44) f o r  e2 and el. 
As i n  the other  cases ,  the  quadra t ic  s o l u t i o n  i n  equation (43) r e s u l t s  
in  more than one s e t  of es t imates .  Again, we use the s e t  of estimates 
which gives the c l o s e s t  agreement t o  the f i f t h  noncentral  moment of the 
sample. 

A s  before ,  an a l t e r n a t e  s o l u t i o n  would be t o  es t imate  tu graph- 
i c a l l y  and then solve the r e s u l t i n g  equation (41) d i r e c t l y  f o r  7. 

I n  the event t h a t  a is known i n  advance of sampling we may 
solve equation (41) d i r e c t l y  f o r  y and subsequently obta in  and 
from (43) and (44). 

- 7 .  yl - y2 = known. I f  we l e t  yl = y2 = y, the f i r s t  t h ree  equa- 
t ions  of (7)  become 



l e t  
Thus, we must estimate Bland 8, only. For simplif icat ion,  we w i l l  

Now, equations (45 ) ,  (46) and (47) became 

Solving equation (48) for  f x  we have 

Substituting the expression for  a fram (51) in to  (49) anl 
a f t e r  considerable algebraic manipulation the equations 

d (SO), we have 

'I7 e l l y  from (52) in to  the l e f t  s ide  of Insert ing the expr es r ion for 8, 
equation (53), we obtain a f t e r  s i m p h y i n g  



Solving (54) f o r  0:Iy g i v e s  

S u b s t i t u t i n g  t h i s  express  i o n  f o r  8'' 1 Y back i n t o  e uation (52), we have 7 a f t e r  simp1 i t  i c a t i o n  t h e  q u a d r a t i c  e q u a t i o n  i n  8: 

whose s o l u t i o n  f o r  9 i  is 

Without l o s s  of g e n e r a l i t y ,  we may impose t h e  r e s t r i c t i o n  t h a t  < e2. 
Thus, w e  o b t a i n  Ol and e2 from e q u a t i o n  (57) u s i n g  t h e  n e g a t i v e  and 
p o s i t i v e  roots ,  r e s p e c t i v e l y .  Once we have de termined el and e2, we 
o b t a i n  our e s t i m a t e  f o r  a from e q u a t i o n  (51). 



Thus, we must estimate the parameters (Y, yl and y2 only. A s  previously, 
solving (58) f o r  (Y gives us 

Subst i tu t ing  t h i s  expression fo r  a i n t o  equation (59), we have a£ t e r  
s imp1 i f  ying 

Equation (62) is an equation i n  the two unknowns yl and y2 which may 
be solved by the i t e r a t i v e  procedure described f o r  the general case of 
estimation. Once yl and y2 a r e  determined, we obta in  our estimate fo r  
a from equation (61). 

9.  ez = €I2 = unknown. For t h i s  spec ia l  case, it is suggested t h a t  
we solve f o r  a g r a p h i c a l l y  and subsequently follow the procedure out- 
l ined fo r  the general case of estimation. 

t 

IV. AN ILLUSTRATIVE EXAMPLE 

To i l l u s t r a t e  the estimation procedure outlined i n  t h i s  paper for  
the general case, we w i l l  consider a sample of 2000 observations selecred 
from a mixed population cons tructed by combining two Weibull d i s  t r ibut ions  
with y l =  2.0000, el = 10.0000, 7~ = 0.8000, e2 = 1.0000 and a = 1 0.8000. 
The sample is summarized i n  Table I. For the sample se lec ted ,  ml = 2.4708, 

I 
m 2 = 8.6270, mi = 36.3408, mk = 174.9190 and m: = 935.3733. 



TABLE I 

A SAMPLE OF 2000 OBSERVATIONS FROM A MIXED WEIBULL POPULATION 

I n  thc  above t a b l e ,  f l  = c l a s s  f r e q u e n c i e s  from f l ( x ) ,  f, = class f r e -  
qucncics  from f . - , (x ) ,  ' .  and f = c l a s s  f r e q u e n c i e s  from t h e  r e s u l t i n g  mixed 
d i . s  t r i b u t i o n .  

F igurc  3 is a  g raph  of  t h e  compound d e n s i t y  f u n c t i o n  and i t s  compo- 
nc.nt d i s t r i b u t i o n s .  Not ice  a t  t h i s  p o i n t  t h a t  .y 5 1 produces a J-shaped 
f u n c t i o n  whi1.c y > 1 produces a  be l l - shaped  curve .  

Emp l.oying the  g r a p h i c a l  technique  d e s c r i b e d  i n  S e c t i o n  1 prov ides  a n  
c s t i m a t c  of tx ,  t h e  p r o p o r t i o n a l i t y  pa ramete r ,  equa l  t o  0.80 as shown on 
F i g i ~ r c  4. 



Once our estimate of a has been determined graphical ly,  we solve 
equation (11) i t e r a t i v e l y  f o r  f i r s t  approximations t o  yl and y2.  Corre- 
sponding f i r s t  approximations fo r  €I1 and €I2 a r e  obtained from equations 
(13) and (12), respect ively.  Each s e t  of f i r s t  approximations is in t ro -  
duced i n t o  the fourth equation of (6) t o  approximate the fourth noncentral 
theore t i ca l  moment, & Each s e t  of f i r s t  approximations is a l s o  sub- 
s t i t u t e d  i n t o  the f i n a l  equation of (6) to  approximate the f i f t h  non- 
cen t ra l  theore t ica l  moment $, a s  suggested by Pearson [15]. The s e t  of 
estimates which gives the c loses t  agreement between the f i f t h  noncentral 
moment of the sample rn; and the corresponding " f i t t ed"  compound curve 
given by the f i n a l  equation of (6) is  the required s e t  of estimates.  
Ut i l i z ing  the computer program given i n  the Appendix, we find t h a t  our 
estimate of yl l i e s  between 1.90 and 2.10. The corresponding estimates 
f o r  the remaining parameters, pi and p,:, a r e  as  follows: 

Our next approximation t o  yl is obtained by simple l i nea r  in terpola t ion  
as indicated below. 

Subst i tu t ing  yl = 2.0210 i n t o  equation ( l l ) ,  solving for  7~ and subse- 
quently solving equations (13) and (12) fo r  el and e2, we obtain 
y 2  = 0.8339, el = 10.1496 and Q2 = 0.9929. Introducing th i s  s e t  of 
approximations i n t o  the f i n a l  equation of (6) gives pk = 935.3646. This 
value of & i s  i n  such close agreement with the corresponding sample 
moment m b  = 935.3733 tha t  we a r e  j u s t i f i e d  i n  accepting t h i s  s e t  of 
approximations as  our f i n a l  estimates.  However, i f  fu r ther  preciseness 
is  desired,  t h i s  i t e r a t i v e  process may be continued t o  any desired degree 
of accuracy. 







The computer program out l ined i n  the Appendix gives  a l l  poss ib le  
so lu t ions  t o  the est imating equations. S p e c i f i c a l l y ,  equations (12) 
and (13) produce four so lu t ions  r e s u l t i n g  from the four combinations of 
the pos i t ive  and negative s igns  pref ix ing  the r a d i c a l s ;  i . e . ,  the com- 
b ina t ions  a r e  ( -  ( -  (+,-) and (+,+), It was discovered t h a t  
the computer pro ram pr in tou t  gave c l o s e s t  agreement between the theo- F r e t i c a l  moment p5 and the sample moment m k  when the combination (-,-) 
was used. 

Comparisons of expected w i t \  observed frequencies ,  along with a corn- 
p a r  ison of observed and expected d i s t r i b u t i o n  funct ions ,  a r e  presented i n  
Table 11. It a l s o  seems appropr ia te  t o  compare the observed frequencies  
f o r  the mixed sample with these same frequencies assuming t h a t  the  sample 
f i t s  a simple Weibull d i s t r i b u t i o n .  This w i l l  prove o r  disprove t h a t  our 
mixed sample could be t r e a t e d  a s  a simple Weibull d i s t r i b u t i o n .   ohe en's 
maximum l ikel ihood es t imat ion  procedure [4] ,  was used t o  der ive  es t imates  
f o r  the parameters , and the r e s u l t i n g  expected frequencies were obtained. 
Notations used i n  Table 11 a r e  a s  follows: 

f o  = observed frequencies f o r  mixed data .  

Fo = observed d i s t r i b u t i o n  funct ion  f o r  mixed da ta .  

f e  = expected frequencies using est imates  derived i n  t h i s  
r e p o r t  . 

Fe = expected d i s  t r i b u t i o n  funct ion  us ing es t imates  derived 
i n  t h i s  r epor t .  

fes = expected frequencies assuming da ta  f i t s  a simple Weibull 
d i s t r i b u t i o n .  

Fes = expected d i s t r i b u t i o n  funct ion  assuming da ta  f i t s  a simple 
Weibull d i s t r i b u t i o n .  

The agreement between observed frequencies f o r  the sample and 
expected frequencies using the derived est imates  is  very good a s  shown 
i n  Table 11. The corresponding observed and expected d i s  t r i b u t i o n  func- 
t ions  a r e  i n  very c lose  agreement wi th  the  maximum abso lu te  d i f f e rence  
of 0.0050 occurring a t  the c l a s s  3.5 - 4.0. Comparing t h i s  value wi th  
the Kolmogorov-Smirnov s t a t i s t i c ,  we s e e  t h a t  

g ives  an exce l l en t  "goodness-of-fitt '  a t  the  99 percent l e v e l  of confi-  
dence. 



TABLE I1 

OBSERVED AND EXPECTED FREQUENCIES FOR 2000 OBSERVATIONS 
FROM A MIXED WEIBULL DISTRIBUTION 

' CLASSES f e s  

Comparing F, with Fes shows a maximum absolute  d i t ference  in  the 
d i s t r i bu t ion  functions of 0.0358 occurring a t  the c lass  0 - 0.5. Since - 

the Kolmogorov-Smirnov s t a t i s t i c  

t h i s  value of 0.0358 i s  s u f f i c i e n t  t o  r e j e c t  the hypothesis t h a t  our 
mixed d i s t r i bu t ion  could be cons idcred a simp1.e Weibull d i s t r ibu t ion .  

As an a l t e r n a t e  goodness-of-fit t e s t  fo r  agreement between observed 
frequencies and expected frequencies using the derived est imates,  the X' 
index was calculated and the r e s u l t s  a r e  as  follows: 



Thus, in  considerat ion of the low x2 index of d i spe r s ion ,  we may conclude 
t h a t  we have an exce l l en t  f i t  fo r  the chosen sample. 

V. CONCLUSIONS 

It is an accepted fac': t h a t  the method of moments is  not (except 
fo r  d i s t r i b u t i o n s  such a s  the normal, binomial, and Poisson) the most 
e f f i c i e n t  procedure f o r  es t imat ing the parameters of a frequency d i s  tri-  
bution. Methods having maximum e f f i c i e n c y ,  such a s  the  method of maxi- 
mum likelihood a r e  more des i r ab le .  However, i n  the case of the mixed 
Weibull d i s t r i b u t i o n  with  i t s  f i v e  parameters, the  maximum l ikel ihood 
est imating equations a r e  almost i n t r a c t a b l e .  

The c e n t r a l ,  noncentral  , and f a c t o r i a l  moments of t h i s  d i s t r i b u t i o n  
were invest  gated,  and i t  was discovered t h a t  the noncentral  moments 
possessed optimum charac te r i s  t i c s  f o r  the development of es t imat ing 
equations. A comparison of noncentral  sample moments wi th  the theo- 
r e t i c a l  moments f o r  the sample se lec ted  showed an e r r o r  of 0.09 percent 
f o r  the f i r s t  moment, 0.44 percent f o r  the second moment, 1.64 percent 
fo r  the th i rd  moment, 4.94 percent f o r  the four th  moment, and 12.73 per- 
cent f  o r  the f i f t h  moment . This progressive increas  ing percentage of 
nonagreement between sample moments and t h e o r e t i c a l  moments i l l u s t r a t e s  
the la rge  sampling e r r o r s  involved i n  the use of higher order  moments. 
Using only the f i r s t  t h ree  sample moments with t h e i r  r e l a t i v e l y  low per- 
centage of e r r o r  i n  the es t imat ing equations produced very good agree- 
ment between f i n a l  es t imates  and the population parameters yl, y 2 ,  el 
and 02. ~ h e p p a r d ' s  cor rec t ions  f o r  grouped d a t a  were appl ied  t o  the 
sample moments i n  order t o  increase t h i s  agreement, bu t  produced no 
s i g n i f i c a n t  change i n  the r e s u l t s  ; therefore ,  the cor rec t ions  were not 
used i n  the est imating equations. 

This paper presents an est imating procedure t h a t  produced very good 
r e s u l t s  fo r  the sample chosen. The use of e l e c t r o n i c  d i g i t a l  computers 
makes the somewhat involved met!lod p r a c t i c a l  and app l i cab le  t o  experi -  
ments i n  which the mixed Weibull d i s t r i b u t i o n  is the appropr ia t e  
s t a t i s t i c a i  qodel.  

In  the au thor ' s  opinion, the es t imat ing procedures ou t l ined  i n  t h i s  
r e p o r t  warrant fu r the r  inves t iga t ion  f o r  increase i n  e f f i c i e n c y ,  and 
improvement and s imp 1 i f  i ca  t ion of form f o r  the es  t ima t ing equations 
involved. 



APPENDIX 

COMPUTER PROGRAM FOR ESTIMATING THE PARAMETERS 

OF A MIXED WEIBULL DISTRIBUTION 

The author wishes to acknowledge the assistance of Mr. Raymond 
Smith of the Computation Laboratory, MSFC, for his work on the CDC 3200 
computer program. 









LOAD DATA 

0 

FIRST, TWO TABLES ARE READ I N  STARTING I N  X I  AND F I  

DG1 - * 

DG2 - Ay2 

EG1 - TERMINAL 71 

EG2 - TERMINAL 72 

BG4Ml - BEGINNING 71 

BGAM2 - BEGINNING 72 

EN - SAMPLE SIZE 2000 USED FOR THIS PROGRAM 

ALP - 0! .8 USED 

NVI - NUMBER OF VALUES IN THE TABLES 

K - AN INTEGER 1 -+ 4 

THE COMPUTED SHOULD APPROACH rn; 

THIS CAN BE ACCOMPLISHED BY A SERIES OF RUNS VARYING Ayl, Ay2, 71, AND 72 



LEGEND 

I 
ml - PM1 O1 - TH1 

I 
m .:, - PM2 

&- G2 - TH2 

N - EN SAMPLE S I Z E  

n - EN ONCE THE ABOVE N I S  USED THE LOC.4TION EN I S  NO LONGER NEEDED, 
I T  I S  USEC TO STORE n .  

v - v  

ENP - I N  EQUATION 1 2 ,  I F  THE P O S I T I V E  VALUE OF THE RADICAL I S  USED, 

ENM - I F  THE NEGATIVE VALUE I S  USED, 

VP - I N  EQUATION 13, I F  THE P O S I T I V E  VALUE O F  THE RADICAL I S  USED, 

VPI - I F  THE NKGATIVE VALUE I S  USED 

'L'HE FOLLOWING FOUR COMBINATIONS ARC P O S S I B L E ,  DEPENDING UPON WHAT NUMBER 
I S  M A D  INTO LOCATION K: 

v n 1c REGARDLESS O F  WHICH COMBINATION I S  USED, BEFORE THE 
+ + 1  PROGRAM I S  CONTINUED, THE VALUE OF EQUATION 13 IS  
+ 2  STORED I N  V AND THE VALUE O F  EQUATION 1 2  I S  STORED 
- + 3  I N  EN. 
- - 4 

32 



REFERENCES 

Cohen, A. Cl i f ford ,  Jr., " E ~ t i m a t i ~  -1 i n  Mixtures of Two Normal 
Distr ibut ions,"  University of Georgia, I n s t i t u t e  of S t a t i s t i c s ,  
TR No. 13, 1965. 

Cohen, A. Cl i f ford ,  Jr., "Estimation i n  Mixtures of Poisson and 
Mixtures of Exponential D i s  tr ibutions , I 1  NASA Technical Memorandum, 
'IM X-53245, Apri l  9, 1965, Unclassified.  

Cohen, A. Clif ford ,  Jr,, "Estimation in  a Mixture of a Poisson with 
a Negative Bi:w a1  Distr ibut ion,"  University of Georgia, I n s t i t u t e  
of S t a t i s t i c s ,  4 .  2 .  15, 1965. 

Cohen, A. Cl i f ford ,  Jr., "Maximum Likelihood Estimation i n  the 
Weibull Dis t r ibut ion Based on Complete and on Censored Samples," 
University of Georgia, I n s t i t u t e  of S t a t i s t i c s .  

Hoel, Paul G., Introduct ion to  Mathematical S t a t i s  t i c s ,  John Wiley 
and Sons, New York, 1963. 

( 1  Kao, Jo Ho KO, A Graphical Estimation of Mixed Weibull Parameters 
i n  Life-Testing of Electron Tubes ,I1  Technmetr ics ,  Vol. I, 1959, 
pp. 389-407. 

f t  Rider, Paul R e ,  Estimating the Parameters of Mixed Poisson, 
Binomial and Weibull Distr ibut ions by the Method of Moments , I 1  

Bu l le t in  de l ' i n s t i t u t e  in te rna t iona l  de s t a t i s t i q u e ,  38, pa r t  2. 

Whittaker and Robinson, The Calculus of Observations, Blackie and 
Son, Ltd,, London. 

Whittaker and Watson, Modern Analysis, Cambridge University Press, 
Cambridge, 1958. 

I t  10. Menon, Me V,, Estimation of the Shape and Scale Parameters of the 
Weibull Distr ibut ion,"  Technmetr ics ,  Vol. 5, No. 2 ,  1963, pp. 175- 
182. 

11. Kao, Jo  H. K., "Computer Methods fo r  Estimating Weibull Parameters 
i n  Re l i ab i l i t y  Studies," I n s t i t u t e  of Radio Engineers Transactions 
on Re l i ab i l i t y  and Quality Control, pp. 15-22, PGRQC-13, July 1958. 



REFERENCES (Continued) 

12. K e n d ~ l ~ ,  M. G. and A,  S t u a r t ,  1958. The Advanced Theory of S t a t i s t i c s ,  
Vol. 1, Hafner Publishing Co., New York, N. Y. 

13. Kendall, M. G. and A.  S t u a r t ,  1958. The Advanced Theory of S t a t i s t i c s ,  
Vol. 2 ,  Hafner Publishing Co., New York, N. Y. 

14. Kenney, J. F. and E. S, Keeping, 1939. Mathematics of S t a t i s t i c s ,  
Pa r t  2 ,  D. Van Nos trand Co, , Inc. , Princeton,  New Jersey.  

15. Pearson, Karl ,  "Contributions t o  the Mathematical Theory of 
Evolution," Philosophical  Transactions of the Royal Society,  
London, Vol. 185, 1894 pp. 71-110. 



APPROVAL NASA TM X-53422 

ESTIMATION OF PARAMETERS I N  COMPOUND WEIBULL DISTRIBUTIONS 

by Lee W. Fal ls  

The infortnation i n  t h i s  repor t  has been reviewed for  secur i ty  clas-  
8 i f  i ca  t ion.  Review of any inf ormat ion concerning Department of Defense 
or Atomic Energy Commission programs has been made by the MSFC Security 
Class i f i ca t ion  Officer.  This repor t ,  i n  i t s  en t i r e ty ,  has been deter -  
mined t o  be unclassif ied.  

This document has a l s o  been reviewed and approved fo r  technical 
accuracy. 

Chief, T e r r e s t r i a l  Environment Branch 

Chief, Aerospace nvironment Divis ion 16 

E. D. Geissler  
Director,  Aero-Astrodynamics Laboratory 




